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Abstract

We determine which (ordinary) Riordan arrays are the coefficient arrays of a family
of orthogonal polynomials. In so doing, we are led to introduce a family of polynomi-
als, which includes the Boubaker polynomials, and a scaled version of the Chebyshev
poynomials, using the techniques of Riordan arrays. We classify these polynomials in
terms of the Chebyshev polynomials of the first and second kinds. We also examine the
Hankel transforms of sequences associated to the inverse of the polynomial coefficient
arrays, including the associated moment sequences.

1 Introduction

To each Riordan array (A(t), B(t)) we can associate a family of polynomials [19] by

L A
‘1—at 1—zB(@t)

> pa(@)t" = (A(t), B(t))

The question can then be asked as to what conditions must be satisfied by A(t) and B()
in order to ensure that (p,(z)),>0 be a family of orthogonal polynomials. This can be
considered to be a Meixner-type question [22], where the original Meixner result is related to
Sheffer sequences (i.e., to exponential generating functions, rather than ordinary generating
functions):

an(:c)t” = A(t) exp(zB(t)).

In providing an answer to this question, we shall introduce a two-parameter family of orthog-
onal polynomials using Riordan arrays. These polynomials are inspired by the well-known



Chebyshev polynomials [25], and the more recently introduced so-called Boubaker polyno-
mials [2, 14, 16]. We shall classify these polynomials in terms of the Chebyshev polynomials
of the first and second kinds, and we shall also examine properties of sequences related to
the inverses of the coefficient arrays of the polynomials under study. While partly expos-
itory in nature, the note assumes a certain familiarity with integer sequences, generating
functions, orthogonal polynomials [4, 10, 31], Riordan arrays [26, 30], production matrices
8, 24], and the integer Hankel transform [1, 6, 17]. Many interesting examples of sequences
and Riordan arrays can be found in Neil Sloane’s On-Line Encyclopedia of Integer Sequences
(OEIS), [28, 29]. Sequences are frequently referred to by their OEIS number. For instance,
the binomial matrix B (“Pascal’s triangle”) is A007318.
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2 Preliminaries on integer sequences and Riordan ar-
rays

For an integer sequence a,,, that is, an element of ZN, the power series f(z) = Y reo apz®
is called the ordinary generating function or g.f. of the sequence. a, is thus the coefficient

of 2™ in this series. We denote this by a, = [2"]f(z). For instance, F,, = [2"]{—"— is

the n-th Fibonacci number A000045, while C,, = [x"]% is the n-th Catalan number
A000108. We use the notation 0" = [z"]1 for the sequence 1,0,0,0,..., A000007. Thus
0" = [n = 0] = 00 = (°). Here, we have used the Iverson bracket notation [11], defined by
[P] = 1 if the proposition P is true, and [P] = 0 if P is false.

For a power series f(x) =Y~ a,z" with f(0) = 0 we define the reversion or composi-

tional inverse of f to be the power series f(x) such that f(f(x)) = z. We sometimes write
f =Revf.




For a lower triangular matrix (a, k), x>0 the row sums give the sequence with general term
ZZ:O an  while the diagonal sums form the sequence with general term

L3]

E Qp—k k-

k=0

The Riordan group [26, 30], is a set of infinite lower-triangular integer matrices, where
each matrix is defined by a pair of generating functions g(z) = go + g17 + gox® + ... and
f(x) = fiz + fox + ... where gy # 0 and f; # 0 [30]. The associated matrix is the matrix
whose i-th column is generated by g(x)f(z)" (the first column being indexed by 0). The
matrix corresponding to the pair g, f is denoted by (g, f) or R(g, f). The group law is then
given by

(g, f) - (b 1) = (g, f)(h, 1) = (g(ho f), Lo f).

The identity for this law is I = (1,z) and the inverse of (g, f) is (g, f)™' = (1/(g o f), f)
where f is the compositional inverse of f.

A Riordan array of the form (g(x),z), where g(z) is the generating function of the se-
quence a,, is called the sequence array of the sequence a,. Its general term is a,_j. Such
arrays are also called Appell arrays as they form the elements of the Appell subgroup.

If M is the matrix (g, f), and a = (ag,a,...)" is an integer sequence with ordinary gener-
ating function A (x), then the sequence Ma has ordinary generating function g(x)A(f(x)).
The (infinite) matrix (g, f) can thus be considered to act on the ring of integer sequences
ZN by multiplication, where a sequence is regarded as a (infinite) column vector. We can
extend this action to the ring of power series Z[[z]| by

(9, f) - Alx) = (g, f) - Alx) = g(x) A(f (x)).

In [18, 19] the notation T'(f|g) is used to denote the Riordan array

risle) = (45255

g(x) g(x)

A
P l—x

Example 1. The so-called binomial matriz B is the element (ﬁ ) of the Riordan group.

Thus
B=T(1|1-x2).

This matrix has general element (Z), and hence as an array coincides with Pascal’s triangle.

More generally, B™ is the element (klmx, ——) of the Riordan group, with general term

(Z) m"™ ¥, It is easy to show that the inverse B=™ of B™ is given by (1+1mz’ )

Example 2. If a,, has generating function g(z), then the generating function of the sequence



is equal to

1922 - (1 —1:5256) 9(2),

while the generating function of the sequence

is equal to

1 T 1 T
1—3:29 1—22) 12 1-22 +9().

The row sums of the matrix (g, f) have generating function

1 g
—z  1-f(z)
while the diagonal sums of (g, f) (sums of left-to-right diagonals in the North East direc-

tion) have generating function g(z)/(1 — zf(x)). These coincide with the row sums of the
“generalized” Riordan array (g,zf):

L/ C))
l—z 1—af(x)

For instance the Fibonacci numbers F;,,; are the diagonal sums of the binomial matrix B

given by (ﬁ, %) :

10 0 0 00
110 0 00
12 1 0 00
13 3 1 00
14 6 4 10
1 5 10 10 5 1

while they are the row sums of the “generalized” or “stretched” (using the nomenclature of

[5] ) Riordan array <ﬁ 2 > ;

Y l1—x

e e e e
RN = OO
s W= OO OO
OO OO oo
SO OO OO
SO OO OO




It is often the case that we work with “generalized” Riordan arrays, where we relax some of
the defining conditions above. Thus for instance [5] discusses the notion of the “stretched”
Riordan array. In this note, we shall encounter “vertically stretched” arrays of the form
(g, h) where now fy = f1 = 0 with fo # 0. Such arrays are not invertible, but we may
explore their left inversion. In this context, standard Riordan arrays as described above are
called “proper” Riordan arrays. We note for instance that for any proper Riordan array
(g, f), its diagonal sums are just the row sums of the vertically stretched array (g,zf) and
hence have g.f. g/(1 — xf).

Each Riordan array (g(x), f(z)) has bi-variate generating function given by

g9()
1—yf(z)

For instance, the binomial matrix B has generating function
1
p— 1

l—yl%zl—x(l—l—y)'

For a sequence ag,ay,as, ... with g.f. g(x), the “aeration” of the sequence is the sequence
ag,0,a1,0, as, ... with interpolated zeros. Its g.f. is g(z?).

The aeration of a (lower-triangular) matrix M with general term m; ; is the matrix whose
general term is given by

T
Mg iy —
2 072 2

where mj ; is the i, j-th element of the reversal of M:

r

my ;= Mi—j-

In the case of a Riordan array (or indeed any lower triangular array), the row sums of the
aeration are equal to the diagonal sums of the reversal of the original matrix.

Example 3. The Riordan array (c(z?), zc(z?)) is the aeration of (c¢(x), zc(x)) A033184. Here

1—v1—-4x

o(w) = 2x

is the g.f. of the Catalan numbers. Indeed, the reversal of (¢(x),zc(z)) is the matrix with
general element

)

- 1
[k§n+1](n+k>n k+

k n+1
which begins



10 0 0 0 O
1 1.0 0 0 O
12 2 0 0 0
13 5 5 0 0
14 9 14 14 0
1 5 14 28 42 42

This is A009766. Then (c(2?), zc(2?)) has general element

n+1\k+1(1+(=1)"*
nek Jp 41 2 ’

2

and begins

OO = O =
OO N O = O
O WO = OO
RO RO OO
O RO O OO
_ o O O o o

This is A053121. We have

(c(xQ),xc(xQ)):( ! ’ )1.

1+ 22" 1+ 22

We note that the diagonal sums of the reverse of (¢(x), zc(x)) coincide with the row sums of

(c(2?), xzc(2?)), and are equal to the central binomial coefficients (LZJ) A001405.
2

An important feature of Riordan arrays is that they have a number of sequence charac-
terizations [3, 15]. The simplest of these is as follows.

Proposition 4. [15] Let D = [d, | be an infinite triangular matriz. Then D is a Riordan
array if and only if there exist two sequences A = [ag, a1, as,...| and Z = [z, 21, 22, . . .| with
ag # 0 such that

[ ] dn+1,k+1 — Zjio a]dn7k+j, (l{j) n = O7 1’ . )
® dnjip = Z;io 2idy i, (n=0,1,...).

The coefficients ag, a1, as,... and zg, 21, 22,... are called the A-sequence and the Z-
sequence of the Riordan array D = (g(z), f(x)), respectively. Letting A(z) and Z(x) denote
the generating functions of these sequences, respectively, we have [20] that

1 _ A, gty = oo



We therefore deduce that

and

20 =75 [1 - g(jlf?;))] |

A consequence of this is the following result, which was originally established [19] by Luzén:

Lemma 5. Let D = (g, f) be a Riordan array, whose A-sequence, respectively Z-sequence
have generating functions A(x) and Z(x). Then

1 (A—xZ x
b _< do oA ’Z)'
3 Orthogonal polynomials and Riordan arrays

By an orthogonal polynomial sequence (p,(z))n>0 we shall understand [4, 10] an infinite
sequence of polynomials p,(z), n > 0, of degree n, with real coefficients (often integer
coefficients) that are mutually orthogonal on an interval [zg, z;] (where g = —o0 is allowed,
as well as x; = 00), with respect to a weight function w : [xg,z1] - R :

/11 Pn(T) P (2)w(x)dr = Opm/ PP

where

[ et = h,

Zo

We assume that w is strictly positive on the interval (zg,z1). Every such sequence obeys a
so-called “three-term recurrence” :

Prt1() = (an® + bp)pn(®) — crpp1(z)
for coefficients a,,, b, and ¢, that depend on n but not . We note that if

pi(x) = kja? + Ko/t + . j=0,1,...

P knJrl b —a k‘;z—s-l o k_;l = a knflhn
n kn ) n n kn+1 kn ) n n knhnfl )

hy = / () 2u() d.

o

then

where

Since the degree of p,(z) is n, the coefficient array of the polynomials is a lower triangular
(infinite) matrix. In the case of monic orthogonal polynomials the diagonal elements of this
array will all be 1. In this case, we can write the three-term recurrence as

pn+1(x) = (I - Oén)pn(x) - ﬁnpn—l(‘x% po(fl') =1, p1<I> =T — Q.

7



The moments associated to the orthogonal polynomial sequence are the numbers

,un:/ x"w(z)dz.

z0
We can find p,(z), o, and 3, from a knowledge of these moments. To do this, we let A, be

the Hankel determinant |p;;[}';5o and A, , be the same determinant, but with the last row
equal to 1,z,22,.... Then

An,:z}
pn($) B An—l '
More generally, we let H ( Zl :jk ) be the determinant of Hankel type with (4, j)-th
1 ... k

term fiy, 4o, Let

B 01 ... n ;. 01 ... n—1 n
An_H<01 n)’ A_H(Ol cooon—1 n—i—l)'

Then we have

P

JAVEVANE " AZ

Of importance to this study are the following results (the first is the well-known “Favard’s
Theorem”), which we essentially reproduce from [13].

Theorem 6. [13] (Cf. [32], Théoréme 9 on p.I-4, or [33], Theorem 50.1). Let (pn(x))n>0
be a sequence of monic polynomials, the polynomial p,(z) having degree n = 0,1,... Then
the sequence (p,(x)) is (formally) orthogonal if and only if there exist sequences (ay,)n>0 and
(Bn)n>1 with B, # 0 for all n > 1, such that the three-term recurrence

Qp

Pri1 = (& = an)pp(z) = Bulz), for n =1,
holds, with initial conditions po(z) =1 and p1(x) = x — .
Theorem 7. [15] (Cf. [32], Proposition 1, (7), on p. V-5, or [33], Theorem 51.1). Let

(pn(2))n>0 be a sequence of monic polynomials, which is orthogonal with respect to some
functional L. Let

Pry1 = (T — an)pn(z) — Bu(z), for n>1,
be the corresponding three-term recurrence which is guarenteed by Favard’s theorem. Then
the generating function
g(x) =Y m®
k=0

for the moments j, = L(x¥) satisfies

Ho
51-’/52
5255'2
By

1—azz—---

g(z) =

1—apxr —

1l —ajx —

1—opx —



Given a family of monic orthogonal polynomials

pn-l-l(x) = (l‘ - an)pn(x) - ﬁnpn—l(x)v pg(l‘) =1, p1($) = T — Qp,

we can write
n
k
pa(r) = ansat.
k=0

Then we have
n+1 n

n—1

k k k

E Ap1 T z(x—ozn)g A kT —Bng Ap—1 X
k=0 k=0 k=0

from which we deduce
Qp41,0 = —Oplno — Bnan—l,o
and
Ap41,k = Apk—1 — Cplp ik — 6nan—1,k

(1)
(2)

The question immediately arises as to the conditions under which a Riordan array (g, f) can
be the coefficient array of a family of orthogonal polynomials. A partial answer is given by

the following proposition.

Proposition 8. Fvery Riordan array of the form

1 T
1+re+sx2’ 1+ rx+ sx?

1s the coefficient array of a family of monic orthogonal polynomials.

Proof. By [12], the array (HmlJrsxz, 1+Tf+sm2)

T T

L+roz+sr2  1—aC(x)

and thus
C(x) = —r — su.

Thus the Riordan array ( is determined by the fact that

1 T )
1+rz+sz?2?’ 1+rz+sc?

Apt1k = Onk—1 + E cidp—i forn,k=0,1,2,...
i>0

where a,,_; = 0. In the case of ( we have

1 T )
1+rz+sz?’ 1+ro+sz?
Upt1,k = Apk—1 — TAn k. — SQp—1,k-
Working backwards, this now ensures that
Prt1(z) = (z — 7)pn(z) — spp—1(2),

where p,(x) = >} _o @npz™.

has a C-sequence C'(x) =} ., c,2" given by



We note that in this case the three-term recurrence coefficients «,, and f,, are constants.
We can strengthen this result as follows.

Proposition 9. Fvery Riordan array of the form

1 — Az — pa? x
14+7rx+sx2’ 1+ rx+ sx?

15 the coefficient array of a family of monic orthogonal polynomials.

Proof. We have

1 — Az — pa? x (1- ) 2 1) 1 x
=(1— Xz — ux*, z)-
14+7re+sx2’ 1+ re+ sx? HE 14+rz+sx2’ 1+re+sx2)’

where (1 — Az — pa?, ) is the array with elements

1 0 0 0 0 0
~Ax 1 0 0 0 0
—p -A 1 0 0 0
0 - =X 1 0 0
0 0 —pu —=A 1 0
1

We write e N
B = (bur) = (1+7”x—|—3x2 ’ 1+7“a:+sx2> ’
and )
x
A= (ane) = <1+rx+sx2’ 1+m;+sx2> ’
where

Ant1k = Q-1 = Tnk — SAn_1 - (3)
We now assert that also,
bpiik = bng—1 — 1bp — Sbp_11.

This follows since the fact that
B=(1—-\r—pz*z) A

tells us that

b1 = Gniik — Np e — HGp—1k,

bn,kfl = Qpk—1 — )\anfl,kfl — HGp—2 k-1,
bn,k = Qnjk — Aa/n—l,k: — HGp—2 &,

bn—Lk = Op-1k — )\an—Z,k — HAp_3 k-

10



Then using equation (3) and the equivalent equations for a,j and a,_;x, we see that
bn+1,k = bn,kq - Tbn,k - Sbnq,k
as required. Noting that
p@)=1, p@)=c—r—XN p@)=2>—r+Na+ M —p+r’—s,...,
we see that the family of orthogonal polynomials is defined by the a-sequence
ag=1r+AN1r7,T ...

and the [-sequence
b1 =84+ 1,8,858,....

Proposition 10. The elements in the left-most column of

1 — Az — pa? x -
L= ,
14+rx+sx?’ 1+ re+ sx?
are the moments corresponding to the family of orthogonal polynomials with coefficient array
Lt

Proof. We let

1 — Az — pa? x
1+re+sx2’ 1+ra+sx?)

.= (

Then

Now f(x) is the solution to

u R
1+ rz+ sx? ’
thus . _
F(a) = 1—sz—4/1 2%;x+ (s2 —4r)z .
Then

1 1+rf(@) +s(f@)
g(f(@))  1=Af(z) —p(f(@))*

Simplifying,we find that
1 2s

g(f (@) (s+p)/1—2rz + (rF — 4s)2? — (r(s — p) + 25Nz +5 — .

11



We now consider the continued fraction

1
g(QJ) = 2
S+ u)x
1= (r+2) (s+n) .
1—rx— =
sx?
l—re — ——
l—rz—-
This is equivalent to
. 1
90 = T e = s+ math(a)
where ]
h(xz) =

1 —rx— sx?h(x)
Solving for h(x) and subsequently for g(x), we find that

o
i@ = 7wy

O

We have in fact the following proposition (see the next section for information on the
Chebyshev polynomials).

Proposition 11. The Riordan array (HMIHIQ, 1+Tf+sx2) 15 the coefficient array of the mod-

ified Chebyshev polynomials of the second kind given by

Po(z) = (v/5)"U, <“;—\_/g) . n=0,1,2,...

Proof. We have

1 > i
1—2xt+t2_20 ‘
Thus
1 ad Tr—r
)",
e e RN G [
Now
1 B 1
L =25y /st+st? 1 (x—r)t+st?
B 1 t 1
N\l +rtdst2 14t +st2) 1—at
Thus
( 1 t ) i <x—r)n
27 2 _
L+rt+ st 1+rt+ st l—at 2¢/s
as required. O

12



For another perspective on this result, see [9].

1-Az—px? T
1+rz+sz? ? 1+re+sz?

eralized Chebyshev polynomials of the second kind given by

Corollary 12. The Riordan array ( ) is the coefficient array of the gen-

Qute) = (V31U (52 ) A5 U (52 ) -t 20, (51) 0 n=onene

Proof. We have

1
Un(z) = [¢")———
(@) =" e
By the method of coefficients [21] we then have
t B 1
M ' ey,
e T Mo 1(z)
and similarly
e = g = Unafa)
————— =[] ——— = U, 2(2).
1— 2at + 12 1 — 2zt + ¢ ?

]

A more complete answer to our original question can be found by considering the asso-
ciated production matrix [7, 8] of a Riordan arrray, which we look at in the next section.

4 Riordan arrays, production matrices and orthogonal
polynomials

The concept of a production matriz [7, 8] is a general one, but for this work we find it
convenient to review it in the context of Riordan arrays. Thus let P be an infinite matrix
(most often it will have integer entries). Letting ry be the row vector

ro = (1,0,0,0,...),

we define r; = r; 1P, i > 1. Stacking these rows leads to another infinite matrix which we
denote by Ap. Then P is said to be the production matriz for Ap.
If we let

u’ =(1,0,0,0,...,0,...)

then we have

ol
ul P
Ap = ul P?
and
DAp = ApP

13



where D = (6;11,7)ij>0 (where § is the usual Kronecker symbol).

In [24, 27] P is called the Stieltjes matrix associated to Ap.
The sequence formed by the row sums of Ap often has combinatorial significance and is
called the sequence associated to P. Its general term a,, is given by a,, = u? P"e where

In the context of Riordan arrays, the production matrix associated to a proper Riordan array
takes on a special form:

Proposition 13. [8] Let P be an infinite production matriz and let Ap be the matriz induced
by P. Then Ap is an (ordinary) Riordan matriz if and only if P is of the form

50 (%)) 0 0 0 0
51 a1 O O 0 0
S ay ap o 0 0
P=| & a3 aa o a9 O
§4 a4 a3 ay arp Qg
& a5 oy a3 ap o

Moreover, columns 0 and 1 of the matrix P are the Z- and A-sequences, respectively, of the
Riordan array Ap.

Example 14. We calculate the production matrix of the Riordan array

D = (¢(x), ze(x)).

We have )
flz) = zc(x) = f(z) = z(1 — x),
and hence . ; .
Alz) = f(z) B (1l —x) T 1-z
Similarly,
1 do,o
40 = g5 | i

14



Thus the production matrix of D = (¢(z), zc(x)) is the matrix that begins

110000
111000
111100
111110
111111
111111

Example 15. We calculate the production matrix of the Riordan array

(9,F) = (c(s), 2e(?)) = (1% ?) |

First, we have

9 - x

(o) = wela?) = () = ——,
and hence . ,

Ax) = @) 1+ 2%
Next, since
1 1
g(f(z))  1+a%

we have

Hence the production matrix of (c¢(x?), zc(x?)) begins

el olNoll ™)
DO = O

We can generalize the last result to give the following important result.

15



Proposition 16. The Riordan array L where

-1 1— v — px? T
 \1+ax+b2x2" 1+ ax + ba?

has production matriz (Stieltjes matriz) given by

a+X 1 0 0 0 0
b+u a 1 0 0 O
0O bal00O0
P=5S; = 0 0 baloO
0 00 b a1l
0O 000 VDb a
Proof. We let
1 — \x — px? x -
(9:7) (1+ax+bx2’1+ax+bx2)
By definition of the inverse, we have
- x
f(w) = 1+ az + ba?
and hence "
A(r) = —— =1+ ax + ba*.
f(z)
Also by definition of the inverse, we have
1 1—dz—pa®
g(f(z)) 1+ ax+ba?’
and hence
1 doo
Z(x) = = {1— — ]
f(z) 9(f(x))
B 1+ ax + ba? ) 1 — Az — pa?
N x 1+ ax + bx?
1+ az + ba? ) )
= —[1+am—|—bx —l—i-/\a:—i-,ux}

= (a+)\:§+(b+u)x.

Corollary 17. The Riordan array

I 1+ (a—ay)z+ (b—by)z? T -
N 1+ ax + bx? "1+ ax + ba?

16



has production matrix that begins

P=5, =

Example 18. We note that since

a1

O O O

1 0
a 1
b a
0 b
0 0
0 0

X

O Qe = OO

QR = O OO

14 ax+bx?2’ 1+ ax + bx?

-1 (1—/\:1:'—u:c2

— (1—)\x—ux2,3c)-<

we have
I 1 — Az — pa? x _1_
C \l4ax+bx2’ 1+ ax+ bx? N

If we now let

e

then (see [23]) we obtain that the Stieltjes matrix for L; is given by

A
b+

0

0
0
0

1

e =R OO oo

)

T

1

14+ ax +bx?’ 1+ ax + bx?

1

X

l4+azx’ 1+azx

OO oo Tt O

el el el o)

We have in fact the following general result [23]:

Proposition 19. /23] If L = (g(z), f(x)) is a Riordan array and P = Sy, is tridiagonal,

then necessarily

a1
by
0

0
0
0

O OO >R

17

OO TR = O

O T O = OO

O TR = OO

O RO OO

TR RO OO

).L,

O = O OO

e = O O oo

1+ax+bx2’1+ax+bx2)’

)

1— M\ — px?’



where
1

- 1—aix—bixf’

flz) =R

and vice-versa.

B —— d
evl + az + bx? aw 9(x)

Of central importance to this note is the following result.

Proposition 20. If L = (g(x), f(z)) is a Riordan array and P = Sy, is tridiagonal of the

form
az 1 0 0 0 0O
by a 1 0 0 O
0O b al0O
P=S; = 0 0baloO : (4)
0 00 b al
0 00 O0©Db a

then L™ is the coefficient array of the family of orthogonal polynomials p,(x) where po(z) =
1; pl(x) =T —ay, and

pn—l—l(x) = (ZE - a)pn(x) - bnpn—l(x)u n > 27
where b, is the sequence 0,b1,b,b,0b, .. ..

Proof. (We are indebted to an anonymous reviewer for the form of the proof that follows).
The form of the matrix P in (4) is equivalent to saying that A(z) = 1 + ax + bz? and that
Z(x) = a1 + byz. Now Lemma 5 tells us that if (d,h) is a Riordan array with A and Z the
corresponding A-sequence and Z-sequence, respectively, then

A—xZ =z
dh)t=—Z= 2.
(’) (d0,0A 7A)

Note that by assumption, dyo = 1 here. Thus

-1 (1+(a—a1)$+(b—bl)x2 x

=T(1+(a— b—by)z?|1 b?).
1+ ax + bx? ’1+ax+bx2> (I+(a—ay)z+(b—by)a"|1+az+br”)

Theorem 5 of [19] now yields the required form of the three-term recurrence for the associated
polynomials with coefficient array L=!. That these are orthogonal polynomials then follows
by Favard’s theorem. O]

We note that the elements of the rows of L~! can be identified with the coefficients of the
characteristic polynomials of the successive principal sub-matrices of P.

Example 21. We consider the Riordan array

1 x
<1+ax+bx2’1+ax+bx2)'
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Then the production matrix (Stieltjes matrix) of the inverse Riordan array (1 +axl 57 TTan Tie ) -

left-multiplied by the k-th binomial array

1 T B 1 T k
1—ke'1—kax) \1—-2'1-—2z

is given by

and vice-versa. This follows since

1 T 1 x 1 x
(1+ax—|—bx2’ 1+a:p—|—bx2).(1—l—kx’1—l—km> B (1+(a+k)x+b:v2’1—|—(a+k)m+ba72>'
In fact we have the more general result :

1+ Az + px? x 1 x B
1+ax+bx?’ 1+ ax + bx? 1+ka’1+ke)
1+ Az + px? x

1+ (a+k)x+bx? 1+ (a+k)x +bx?)"

The inverse of this last matrix therefore has production array

at+k—X 1 0 0 0 0
b—p  a+k 1 0 0 0
0 b a+k 1 0 0
0 0 b a+k 1 0
0 0 0 b a+k 1
0 0 0 0 b a+k

We note that if L = (g(x), f(z)) is a Riordan array and P = Sy, is tridiagonal of the
form given in Eq. (4), then the first column of L gives the moment sequence for the weight
function associated to the orthogonal polynomials whose coefficient array is L™!.

As pointed out by a referee (to whom we are indebted for this important observation),
the main results of the last two sections may be summarized as follows:

Proposition 22. Let L = (d(x), h(x)) be a Riordan array. Then the following are equivalent:
1. L s the coefficient array of a family of monic orthogonal polynomials

2. d(z) = % and h(z) = 1 with s # 0.
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3. The production matriz of L= is of the form

rn 1 00 0 O
st 1 0 00
0O s 1 00
P=2S;-1= 0 0sr 10
0 00 s r 1
0 00 0 s r

with s # 0.
4. The bivariate generating function of L is of the form

1 — \x — px?
1+ (r —t)x + sa?

with s # 0.

Under these circumstances, the elements of the left-most column of L~! are the moments
associated to the linear functional that defines the family of orthogonal polynomials.

5 Chebyshev polynomials and Riordan arrays

We begin this section by recalling some facts about the Chebyshev polynomials of the first
and second kind. Thus the Chebyshev polynomials of the first kind, T,,(x), are defined by

(") 5)

for n > 0, and Ty(z) = 1. Similarly, the Chebyshev polynomials of the second kind, U, (z),
can be defined by

L
n
k=

|3

]

0

e =3 (")t )

or alternatively as

no =3 (F) o G )

In terms of generating functions, we have
- 1—at
ST = s
~ 1—2xt+1
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while
- 1
Uy(o)t" = ————.
; L e MR
The Chebyshev polynomials of the second kind, U, (x), which begin
1,2z, 42% — 1,823 — 4z, 162" — 122% + 1, 322° — 3223 + 6, . ...

have coefficient array

1 0 0 0 0 0
0 2 0 0 0 0
-1 0 4 0 0 0
0O -4 0 8 0 0 (A053117)
1 0 —12 0 16 0
0 6 0 —32 0 32

This is the (generalized) Riordan array

1 2z
1+22"1+22)

We note that the coefficient array of the modified Chebyshev polynomials U, (z/2) which
begin
Lz, 2> —1,2% =2z, 2" =322 +1,...,

is given by
1 0 0 0 00
0O 1 0 0 00
-1 0 1 0 00
0o -2 0 1 00 (A049310)
1 0 -3 0 10
0 3 0 -4 01

This is the Riordan array

1 T
1+22" 1422/

The situation with the Chebyshev polynomials of the first kind is more complicated, since
while the coefficient array of the polynomials 27, (x) — 0", which begins

1 0 0 0O 0 O
0 2 0 0 0 O
-2 0 4 0 0 O
0 -6 0 8 0 O
2 0 =16 0 16 0
0O 10 0 —40 0 32
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is a (generalized) Riordan array, namely

1— 22 2z
1422 1+22)°

that of T),(x), which begins

1 0 0 0 0 0
0 1 0 0 0 0
-1 0 2 0 0 0
0O -3 0 4 00 (A053120)
1 0 -8 0 8 0
0O 5 0 =20 0 16
is not a Riordan array. However the Riordan array
1—a? x
(1 +22’ 1+ xQ)
which begins
1 0 0 0 00
0 1 0 0 00
-2 0 1 0 00
0O -3 0 1 00 (A108045)
2 0 -4 0 10
0 5 0 =501

is the coeflicient array for the orthogonal polynomials given by (2 — 0™)T,,(z/2).
Orthogonal polynomials can also be defined in terms of the three term recurrence that
they obey. Thus, for instance,

To(z) = 22T, 1 (x) — T—2(x),
with a similar recurrence for U, (x). Of course, we then have
Un(x/2) = 2U,—1(x/2) — Up_o(x/2),
for instance. This last recurrence corresponds to the fact that the production matrix of
(i) = (e(a?),e(a?)) is given by

0

OO = O = O
- O R O = OO

_ o = O O O
O R O O OO

O OO O
O OO = O

Note that many of the above results can also be found in [18]
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6 'The Boubaker polynomials

The Boubaker polynomials arose from the discretization of the equations of heat transfer in
pyrolysis [2, 14, 16] starting from an assumed solution of the form

1 A 0
Ne §+1 ngjm(t)
m=0

where J,, is the m-th order Bessel function of the first kind. Upon truncation, we get a set
of equations

Qi(2)& = &
Q1) = -2 +&

Ql(z)gm = fm—1+fm+1

with coeflicient matrix

0 10000
-2 01000
0 10100
0 01010
0 00101
0 00010

in which we recognize the production matrix of the Riordan array

14322 =« -1
142271+ 22 '

The Boubaker polynomials B, (x) are defined to be the family of orthogonal polynomials

with coefficient array given by
1+322 =z
1+a22 1422/

We have By(z) =1 and

Bue) =3 (" ) A s (s)
k=0
We also have
> 1 + 3t2
S Bu(a)r = — 0
~ 1 —axt+t
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The connection to Riordan arrays has already been noted in [19]. The matrix (11139:5‘22, il fx2>
begins

1 0 0 0 0O

0 1 0 0 00

2 0 1 0 00

0O 1 0 1 00 :

-2 0 0 0 10

0 -3 0 -2 01
and hence we have

By(z) 1

Bi(z) = =x

By(z) = 2°+2

Bs(z) = 2*+1

By(r) = 2*—2

Bs(r) = 2°—2® —3x,...

We can find an expression for the general term of the Boubaker coefficient matrix

2
(1113;2 . fﬂ) as follows. We have

14322 x ) 1 T
- +3a) [— T
<1+:172’1+:172) (1432 ) <1+x2’1+x2)

B (3(713%) ‘G(nik> +4(nfk)) | (‘”(f)#

where 3(3) — 6(:) + 4(2) represents the general term of the sequence 1,0,3,0,0,0, ... with
g.f. 1+ 322, Thus the general term of the Boubaker coefficient array is given by

(7)o ) () (0 () =55),

J=0

7 The family of Chebyshev-Boubaker polynomials

Inspired by the foregoing, we now define the Chebyshev-Boubaker polynomials with parame-
ters (r, s) to be the orthogonal polynomials B, (z;r, s) whose coefficient array is the Riordan

array
B l+re+sx? =z
B = 1+22 "1422)°
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That these are orthogonal polynomials is a consequence of the fact that the production array
of B! is the tridiagonal matrix

- 1.0 0 00
1-5s 01 0 00
0O 10100
0O 01010
0O 00101
0O 00010
We immediately note the factorization
1 x
_ 2
It is clear that we have
- 1+ rt + st?
ZBn(x;r, sS)t" = +7’——i—52
~ 1—at+t

We have
Bn(2;0,0) = Un(z/2),
B,(z;0,-1) (2—-07")-T,(x/2),
B,(z;0,3) = B,(x).

We can characterize B, (x;r,s) in terms of the Chebyshev polynomials as follows.

Proposition 23.

B (z;r,8) = Up(x/2) + rU,—1(2/2) + sU,—2(z/2). (10)
Proof. This follows from the definition since (17, 15z) is the coefficient array for U, (2/2).
[
Proposition 24.
B (x;1,8) = 1Up—1(2/2) + (s + 1)Up—a(x/2) + 2T, (x/2) — O™ (11)
Proof. This follows since
1+ rao + sa? T 7 1— 22
1+ a2 :701—1—:1:'2%—(8+ )1+x2 1+ a2
[
Proposition 25.
3]
Bu(zir ) = (” . k) n _n<3_ 21)’“ (= 1)k a2 4 v, (2/2). (12)



Proof. Indeed, the polynomials defined by
1+ sz x
1+227 1+ 22

L5]

B (2;0,5) =) (n R k) W(—l)kx”%.

k=0

are given by

This can be shown in a similar fashion to Eq. (8). O

We can also use the factorization in Eq. (9) to derive another expression for these

polynomials. The general term of the Riordan array (ﬁ, H%) is given by

ok (PEEN 1 4 (—1)nF
Qe = (_1)2’“( z )%,

while the general term of the array (1+ rx + sz?, z) is given by f(n — k), where f(n) can be
expressed, for instance, as

f(n):(s—r+1)(2> +(r—25)(71l> +3<Z>.

Thus the general element of B is given by
_ 0 1 2 ik (EEEN T 4 (=1)7F
> stz = 3=+ (2 )=, 1 )2 e ()5

We finish this section by noting that we could have defined a more general family of
Chebyshev-Boukaber orthogonal polynomials as follows: Let

B B 14+ rx + sx? T
Pl T\ T b ax + Ba2 1+ ax + Ba2 )

Then this array is the coefficient array for the polynomials B(n;r, s;«, ). This is a family
of orthogonal polynomials since the production array of B, sl,a, 5 is given by

a—r 1
b —s
0

O oWl o
- OoO@wWRe m oo
- TR RO OO
- P mrOoO OO

«
g
0
0
0

- O O O

We have
Proposition 26.

Bloirsian8) = (VAU (55 ) (VB0 (55 ) sV 20 (55 )




8 The inverse matrix B!

We recall that the first column of B! contains the moment sequence for the weight function
defined by the Chebyshev-Boubaker polynomials B(n;r,s). In this section, we shall be
interested in studying this sequence, including its Hankel transform, as well as looking at
the row sums, and (more briefly) the diagonal sums, of B!,

The inverse of the matrix ( corresponding to r = s = 0, is the much-studied
Catalan related matrix

1 T )
1+x27 1422/

(e(a?), 2e(?), ofz) = YL

2z

where ¢(z) is the generating function of the Catalan numbers C,, = +1( ) A000108. The

L ) which corresponds to r =0, s = —1, is the matrix

inverse of <1 T T

which again finds many applications. It is A108044.
Using the theory of Riordan arrays, we find that

Bl _ l+rz+s22  x \
B 1+22 '1+a?

_ ( 1+ 2%c(22)?

1+ rze(x?) + sx?e(x?)?’ velx ))

c(z?)

(1 + rac(2?) + sa?c(12)?’ “(5”2)) '

Note also that

B! =

1+ rx + sx? T -1
1+22 "1+22

(
(oo ()
(=

-1
> (14 rz +s2®,2)7!

+x2’1+x2
1
_ 2
= (@), we(®) <1+rw+sx2’w)'

Thus for instance the generating function of the first column of the inverse matrix is

c(z?) 1—+/1—4a?

— 13
1+ rac(x?) + sx?c(x?)? s+rr+2(1—s)z?+ (s+rx)v1 — 4a? (13)
1+ s+ 2re 4 (s —1)V1 —4a? (14)

2(s+r(s+ Do+ (r2+ (s — 1)2)a?’
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We can find expressions for the general term wu,, of the sequence given by the first column of
B! and the general term v, of the row sums B~ as follows. We start with

B = (c(a?), ze(2?)) - (; x) |

14+ rx + sx?’

The first matrix has general element

(n+ 1) kE+11+4 (1) *

I

n=k 41 2

2

while the second matrix is the sequence (Appell) array for the generalized Fibonacci numbers

L3

Pt = e =30 (] ) e

=0

Thus the general term of B! is given by

T, - z”: (nn_itjl) ij: 1+ (;1)71—3' LJZQSJ (j _ f — z) (kg (15)

j=0 2 i=0

Setting £ = 0 we obtain

. — z": (n;l) i:i 1+ (;1)n—j L : (j Z— i)(—r)j_zi(—s)i. (16)

j=0 2 i=

NfS.

This last equation translates the fact that

c(z?)

1+ razc(x?) + sx?e(2?)?

1
1471z 4 sx?

= [2"](c(2?), zc(a?))

U, = [2"]

Note that another expression for u,, is given by
25 ] |252%)

w2 A G g (e

which represents u, as the diagonal sums of the Hadamard product of the reversal of
(c(x),zc(x)) and the sequence array of F} 4(n).

The general term v, of the row sums of B! is given by

ooy 55

o — Z”:E": (nn_:l) ii i 1+ (;1) 3 (j - f — i)(—r)j_k_%(—s)i_

k=0 j=0 2 i=0
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We can deduce from Eq. (13) that the weight function for the first column {u,} of the
inverse is given by

1 (s — 1)VI—a2

_ = )
2m (1 —8)2 + 72 +7r(s+ 1)z + sa2 +alrs) (“‘S"Q/sm*r(ifl))

+5<T7 3)5((5—1)\2/@_7"(3;-1)) ’

for appropriate values of «(r, s) and f(r,s). Thus for r = 1, s = 2, we find that the terms
of the first column have integral representation

1 (2 an/d— 22 3 1 3 Vi /3 1 3 VT
Up=—— | ———=doet+|-——=i)|———i| +|-+—=i) | —+—1] ,
o | 52+ 3z + 222 TR 14 RN 1

while for r = 2, s = 3, we find that the terms of the first column have integral representation

1/2 I = 22 2 V2 4 22\ (2 V2 4 22\
R (S iy o [ 7 ] A R L L) L
7 ) o8+ 8z + 3a2 376 373 376 3 3

Using the techniques of [1, 6] we can prove the following.

Proposition 27. The Hankel transform of the first column of
1+rx+s? x -
1+22 '1+22

We can recouch this result in the following terms:

is given by h, = (1 — s)".

Proposition 28. The moments of the Chebyshev-Boubaker polynomials B, (xz;7,s) have
Hankel transform equal to (1 — s)™.

Recall that the elements of the first column of B! are the moments for the density
measure associated to the polynomials B, (x;r,s). We also have

Proposition 29. The Hankel transform of the row sums of the Riordan matrix
1+rx+sx? x -
1+22 1422

1
1+ (s—r—1)x+ s2a?

15 given by

hn = [2"]

Proof. The g.f. of the row sums is given by

C ZQ
1+mc(x2§+2x20($2)2 14 sH2ro+ (s —1)vV1I—42? 1-20++/1—42?
1 —a2c(2?) 2(s+7r(s+ 1)z + (r2+ (s — 1)2)a? 2(1 —2x) '
The result again follows from the techniques of [1, 6]. O
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We note that the g.f. of the row sums may be written as

1 c(z?) c(z?) 1
1+ rac(a?) + sx2c(22)2 1 — ze(2?) 14 roc(z?) + sz2c(x?)? 1 — xc(z?)’

Thus the row sums of the inverse matrix are a convolution of

n 1
2 ]1 + rac(a?) 4+ sx?e(x?)?

and the central binomial coefficients (LZ J) A001405, or alternatively a convolution of
2

c(z?)

1+ rzc(x?) + sx2c(x?)?

() o

Example 30. The Hankel transforms of the row sums of the inverse matrices
l4+z—22 z \ ' 1+3z+22 z \
, and ,
14+22 "1+ 22 14 22 14 22

are both given by Fy, .

In the case of the matrix .

l+z—22 =z B
I4+2%2 "1+22
the row sums are expressible as
V1—4x?—x n—1 2 n n n—1

n o) = ((=1)" o Fn— 0" ’
(i) () +0) =0 2 () - (20)) oo () +
where the first element of the convolution is (—1)" A098615(n). Note that these constituent

sequences have Hankel transforms of 2" and 1,0,—1,0,1,0,—1,0,..., respectively. Alterna-
tively the row sums are given by

([az”]l —r—4r? + (1 —x)m) . <Lnj).

2(1 — ba?) 2

[2"]

and

b
Il

2

In this case, the Hankel transforms of the constituent elements of the convolution are given
by 1,1,1,1,0,0,—1,—1,—1 — 1,0, ..., and the all 1’s sequence. For the case of the matrix

14 3z + 22 T -1
1+22 1422 ’

c(z?) 1
1+ 3zc(2?) + 22¢(22)2 1+ 32

we note that
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and so the row sums of the inverse in this case are simply given by

(]

We finish this section by noting that the diagonal sums of B! are also of interest. They
have generating function

L+re—2(1—s)z? — (1+rz)V/1 — 42?2

202(s +rz(l+s) + (r2+ (s —1)?)z?)

For instance, the diagonal sums of
l—az—2°> =z -
1+22 71+ a2 ’

1,1,4,6,18,32,85,165,411,839,2013, ...,

which begin

2_..3 . .
f. H2ZEE=E which begins

have as Hankel transform the 12-period sequence with g.
1,3,2,2,1,-1,-1,-3,-2,—-2,—-1,1,1,3,2,2,1, -1, -1, -3, -2, . ..

Similarly, the diagonal sums of the matrix
1—-2v—322 =z -
1+22 71+ a2 ’

1,2,9,26,94, 300, 1025, 3370, 11322, . . .,

which begin

have as Hankel transform the sequence with g.f. % and general term

(1 —n)cos (%) + (3n 4+ 2) sin (%) .

We can conjecture that the Hankel transform of the diagonal sums of 87! in the general
case is given by
1+ (2—s)r—sz?—2°

1+ (r2—=2)x? 4 24

"]

9 A curious relation

The third column of the Boubaker coefficient matrix (1113;22, T f12> has general term

" JZ:; <3<n37) _6<n:¢> *4(7123-)) H)(?Z)#
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This sequence begins
0,0,1,0,0,0,-3,0,8,0,—15,0,24,0,—35,0,48,0,—63, 0, 80, . ..
Now the sequence ty, 5 is therefore given by
1,0,—3,8,—15,24, —35,48, ...

This is A131386, with general term (1 —n?)(—1)". The interested reader may wish to verify
that

1 271 "
t2n+2:2_3%/ < +-T) V4—l'2dl'
™ J-2

1—=x

(here, R returns the real part of a complex number).
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